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1. INTRODUCTION 
In this paper, we present a new theory, based on the notion of a 0-epi map, for weakly inward 
set valued maps. The notion of a zero epi map was first introduced by Furi, Martelli and Vignoli 
in {1] for maps which were continuous, compact and single valued. In this paper, the notion is 
extended to a very general setting. Indeed the notion of a 0-epi map is a good substitute for the 
essential map approach presented in [2,3]. 
For the remainder of this section, we gather together some definitions and preliminary facts. 
Let E be a Banach space and let C be a closed, convex subset of E. The set 
I c (z )  = {z + A (.~ - :r) : a >_ 0, y ~ c} ,  for z ~ C 
is called the inward set at x. A mapping F : C -+ 2 E (here 2 z denotes the family of all nonempty 
subsets of E) is said to be weakly inward with respect to C if 
F(z) n I t (x)  ¢ O, on C. 
Recall [4], 
I c (x )  = I c (x )  = x + {A (y - x) : ,\ > 1, y E C}. 
Let a denote the Kuratowskii measure of noncompactness [2,4]. Let Z be a nonempty subset 
of E and F : Z --~ 2 •. F is called a k-set contraction (k _> 0 is a constant) if ct(F(llz)) <_ kc~(W) 
for all bounded sets W of Z. We call F a condensing map if F is a one-set contraction and 
o(F(I/V)) < c~(l~ ) for all bounded sets I.V C_ Z with (~(Vd) ¢ 0 (of course F being one-set 
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contractive can be removed from the definition of condensing if we wish). Finally, we state a 
result of Deimling [5] which will be used in Section 2. 
THEOREM 1.1. Let E be a (real) Banach space and D a closed, bounded, convex subset o fF .  
Suppose F : D ~ 2 E is a upper semicontinuous (u.s.c.), condensing map with closed, convex 
values. If  F(x) A ID(x) ~ O on D then F has a fixed point in D. 
2. 0 -EP I  MAPS 
Throughout his section, E = (E, [[. [[) will be a Banach space, C C E will be a cone (i.e., C 
is closed, convex such that AC C_ C for all A _> 0 and C N ( -C )  = {0}), U0 will be an open, 
bounded subset of E and U = U0 A C. 
DEFINITION 2.1. We let Mau(U,E)  denote the set of all u.s.c, maps F : U --~ CK(E)  with 
0 ~ F(x) for x E OU; here CK(E)  denotes the family of nonempty, compact, convex subsets 
o fF ,  OU the boundary o fU  in C, and U the closure of U in C. 
DEFINITION 2.2. We let P(U, E) denote the set of all u.s.c., k-set contractive (here 0 <_ k < 1), 
weakly inward w.r.t. C (i.e., F(x) (~ Ic(x)  7 ~ [~ on U) maps F : U ~ CK(E) .  
REMARK 2.1. It is possible to discuss condensing maps instead of k-set contractive maps in 
Definition 2.2 (and throughout this section). 
DEFINITION 2.3. We let OKau(U , E) denote the maps F E P(U, E) with F(x) = {0} for x E OU. 
DEFINITION 2.4. A map F E Mou(U, E) is O-epi if for every G E OKou(U, E) there exists x E U 
with F(x) n C(x) ¢ ~. 
REMARK 2.2. I f F  E Mou(U, E) is 0-epi then there exists x E U with 0 E F(x)  (take G(x) = {0} 
for x E U in Definition 2.4). 
We begin by giving an example of a 0-epi map. 
THEOREM 2.1. Let E be a Banach space, C c E a cone, Uo an open, bounded subset of E 
and g = Uo N C. If  O E U, then the map i :  g --~ CK(E)  given by i(x) = {x}, x E g is O-epi. 
PROOF. Clearly, i E Mou(U,E)  since 0 E U. Let G E OKou(U,E) .  We must show that  there 
exists x E U with x E G(x). Since, U0 is a bounded subset of E, we may choose R > 0 so that  
Uo c {x e E :  tlxll < _a} and G (~) c {x e E :  Ilxll < R}. 
Let 
D = C M {x E E :  tlxll < R + 1}. 
m 
Define the map J : D --~ CK(E)  by 
i 
fa(x), xeu, 
J(x) I {0}, x E D\U. 
Now J is a u.s.c., k-set contractive map. We claim g is weakly inward w. r . t .D .  If this is true 
then Theorem 1.1 implies that there exists x E D with x E J(x). In fact, x E U since 0 E U and 
so x E G(z). 
It remains to prove the claim. I fx  E D\U then J(x) = {0} E I~(x) since 0 E UoNC (so 
0 E D). Now let x E U and take y E J(x) = G(x) with y E Ic(x) .  Now there exists {An}hEN, 
with An _> 1 for n E N, and {Z~,,}nEN C_ C with 
I ly - [x  + ~x~ (z~,, - x ) ]  II ~ o, a~ n -~ oo.  
Let 
v~,, = x + ~.  ( z~, , -  z ) .  
Zero EPI Maps 15 
Then vx,, ~ y as n ~ ec and so 
v~,, ~ {x ~ E :  Ilxll < R + 1} 
for n E N sufficiently large. Let #~ = 1/,~,~. Then 
zx,, = (1 - #~) x + #~ va,, 
so zx,, • {x E E : ]]xll < R + 1} for n E N sufficiently large. In addition, since {zx,, }wEN C_ C, 
we have 
m 
z,\,, • D, for n C N sufficiently large and t lY- Ix + An (zx,, - x)] II --* 0, as n - ,  oc. 
Thus, y E @(x). I 
Ore' next result is a "homotopy property" for 0-epi maps. 
THEOREM 2.2. Let E be a Banach space, C C E a cone, Uo an open, bounded s~lbset of E 
and U = UoNC.  Suppose F E Mau(U,E)  is a O-epi map and H : U x [0,1] ~ C I ( (E )  is 
a u.s.c., 0-set contractive map with Ht (given by Ht(.  ) = H(t, . )) weakly inward w.r.t. C for 
each t E [0, 1] and with H(x, 0) = {0} for every x E U (it is enough to assume this for x • i)U). 
Also, assume 
{xcU:F (x )  AH(x , t )¢O,  forsometE[O,  1]}doesnot intersectOU (2.1) 
is satisfied. Then F( .  ) - H( . ,  1) : U ~ CK(E)  is O-epi. 
PI~oo~ . Let G E OKou(U,E) .  We must show that there exists x E U with 
IF(z) - H(z, 1)] n a(z)  # 0. (22) 
Let 
B = {m E U :  F ( , )  ~ [G(x) + H(x,t ) ]  # 0, for some t E [0, 1]}. 
When t = 0, we have G(m) + H(x,O) E OKou(U,E)  and this together with the fact that F is 
0-epi yields B ~ 0. Next, we show B is closed. Let (x~) be a sequence in B (i.e.~ F(z~)  N [G(x,~) + 
H(.~5~,t,~)] :fi 0 for some t~ E [0, 1]) with xn -~ x0 E U. Without loss of generality assume t,~ 
to E [0, 1]. Suppose y~ E F(x,~) with y,~ E (G + Ht,, )(x,~). First, notice y~ E F(x~) and x~ ~ x0 
together with the fact that  F is u.s.c, implies [6] that there exists Yo E F(x0) and a subsequence 
(y,,~) of (y~) with Ym ~ Y0. On the other hand, the upper semicontinuity of the maps G and H 
together with y~ ~ Y0 and Ym E (G + Ht,,)(Xm) implies [6] that Yo E (G + Hto)(Xo). Thus, B 
is closed. 
Now (2.1) implies B A OU = 0. Thus, there exists a continuous p : U ~ [0, 1] with p(0U) = 0 
and p(B)  = 1. Define a map J : U ~ CK(E)  by 
J(x) = G(x) + H(x, l*(x)). 
Clearly, J is a u.s.c., k-set contractive map (recall H is 0,set contractive) and for x c OU, we 
have 
J(x) = {0} + H(x ,p(x ) )= H(x ,O)= {0}. 
Notice also that  J is weakly inward w. r . t .C .  To see this notice for fixed s E [0, 1], H~ is weakly 
inward w.r.t. C, i.e., Hs(x) N Ic(x)  7 k 0 for x E U. For fixed x E U let #(x) = s so 
H~(x) Cl Iv(x)  ¢ O. (2.:3) 
16 D. O'REGAN 
Also, 
G(x) n Ic(x) ¢ 0. (2.4) 
Now (2.3),(2.4) together with the fact that C is a cone (so Ic(x) is a wedge [7, p. 272]) implies 
[Hs(x) + C(x)] n It(x) ¢ 0. 
We can do this argument for all x E U and so J is weakly inward w.r.t.C. Thus, g E OKou(U, E). 
In addit ion,  since F is 0-epi there exists x E U with F(x) n [G(x) + H(x,  #(x))] ¢ 0. Thus, x E B 
(by definit ion) and as a result p(x)  = 1. Consequently, F(x) N [G(x) + H(x,  1)] ¢ 0, so (2.2) is 
satisfied. I 
We can now deduce some appl icable results from Theorem 2.2. 
DEFINITION 2.5. We let PC(U,  E) denote the set of all u.s.c., O-set contractive maps F : U -~ 
CK(E). 
THEOREM 2.3. Let E be a Banach space, C C E a cone, Uo an open, bounded subset o rE  and 
U = Uo n C. Suppose F E Mou(U, E) is a O-epi map and G E PC(U,  E). Then either 
(A1) there exists x E U with F(x)  n G(x) ¢ O; or 
(A2) there exists x E OU and A E (0, 1) with F(x) N A G(x) ~ O. 
PROOF. Assume (A2) does not hold and F(x)  D G(x) ~ 0 for x E 0U (otherwise (A1) occurs). 
As a result 
there exists x E OU and ~ E [0, 1], with F(x)  N )~ G(x) ¢ 0 (2.5) 
cannot occur. Let H : U x [0, 1] -~ CK(E) be defined by 
H(x, t) = t a(x) .  
Clearly, H is a u.s.c., 0-set contractive, weakly inward w.r.t. C map with H(x,O) = {0} for 
every x c U. Now Theorem 2.2 implies F ( . ) -G( . )  is 0 -ep iso  there exists x E U with 0 E 
(F - G)(x), i.e., there exists x E U with F(x) N G(x) ~ ~ so (A1) occurs. I 
THEOREM 2.4. Let E be a Banach space, C c_ E a cone, Uo an open, botmded subset of E and 
U = Uo N C. In addition, suppose 0 E U and G E PC(U,  E). Then either 
(A1) there exists x E U with x E G(x) ;  or 
(A2) there exists x E OU and A E (0, 1) with x E A G(x). 
PROOF. Let F = i (as defined in Theorem 2.1). Theorem 2.1 implies F E Mou(U, E) is 0-epi. 
The result follows immediate ly  from Theorem 2.3. I 
REFERENCES 
1. I, Beg and N. Shahzad, Random fixed points of weakly inward operators in conical shells, J, Applied Math. 
Stochastic Anal. 8, 261-264, (1995). 
2. K. Deimling, MultivMued differential equations, Walter de Gruyter, Berlin, (1992). 
3. P.M. Fitzpatrick and W.V. Petryshyn, Fixed point theorems for multivalued noncompact acyclic mappings, 
Pacific Jour. Math. 54, 17-23, (1974). 
4. M. Furl, M. Martelli and A. Vignoli, On the solvability of nonlinear operator equations in normed spaces, 
Ann. Math. Pura Appl. 124, 321-343, (1980). 
5. D. O'Regan, A continuation theory for weakly inward maps, Glasgow Math. Jour. 40, 311-321, (1998). 
6. R. Precup, On some fixed point theorems of Deimling, Nonlinear Anal. 23, 1315-1320, (1994). 
7. S. Hu and Y. Sun, Fixed point index for weakly inward maps, Jour. Math. Anal. Appl. 172, 266-273, (1993). 
8. C.H. Su and V.M. Sehgal, Some fixed point theorems for condensing multifunctions in locally convex spaces, 
Proc. Amer. Math. Soc. 50, 150-154, (1975). 
